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PERCENT IS A RELATIONSHIP: BUILDING PERCENTAGE
UNDERSTANDING

What quantity represents 100%2

Introduction

A student can calculate 25% of 80 and still struggle to explain what the 25% represents. Another may know that 50%
means one-half but struggle when the percentage is greater than 100 or when the reference quantity changes.

The difficulty is often not the calculation. It is keeping track of the relationship: What quantity is being treated as the
reference amount? What does 100% represent? What quantity is being compared to it?

Percent is proportional reasoning with a standardized reference of 100. Understanding percent means coordinating
the amount, the reference quantity, and the multiplicative relationship between them. Research suggests that models,
contexts, benchmark percentages, and explicit attention to these relationships can help students build that
understanding (Lamon, 2007; Parker & Leinhardt, 1995; van Galen et al., 2008).

Key Idea e The reasoning moves from the reference quantity to 100%, to the compared quantity, to the
multiplicative relationship, and to an equivalent representation. The recurring question is: What quantity
represents 100%?

What a Percent Describes

Percent means “per hundred.” A percentage expresses one quantity relative to a reference quantity, with that
reference quantity represented as 100%.

For example, if 15 of 60 students choose an option, the relationship 15 to 60 can be expressed as 25 to 100, or 25%.
The quantities change, but the proportional relationship remains equivalent.

This makes percent a particular way of expressing a ratio. Students are learning less a new kind of number than a new
way to express a multiplicative relationship (Lamon, 2007; Parker & Leinhardt, 1995). Fractions, decimals, ratios, and
percents can express the same relationship in different forms: 15 to 60, one-fourth, 0.25, and 25%.
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One experimental curriculum began rational number instruction with percent in a linear-measurement context rather
than with fractions. The 16 fourth graders in that curriculum showed a deeper understanding of rational numbers than
a matched comparison group, with no difference in conventional computation (Moss & Case, 1999).

Key Idea ¢ A percent does not describe a quantity by itself. It describes one quantity relative to a reference
quantity represented as 100%.

Misconceptions and the Reference Quantity

Many percentage misconceptions are reasonable ideas extended to situations where the relationship has changed.
Students may treat a percent as an amount rather than a relationship, assume that 100% is always the largest possible
percentage, or compare percentage changes without attending to the reference quantity.

Research describes the same difficulties. Students confuse an absolute change, such as adding 50, with a relative
change, such as a 50% increase. They lose track of the reference quantity when it changes within a problem, and they
apply a procedure without being able to explain it (Dole et al., 1997; van Galen & van Eerde, 2013). In one study of
students in Years 8, 9, and 10, less proficient students relied on an inflexible formula approach, while proficient
students used a flexible mix of estimation, number sense, and trial and error (Dole et al., 1997).

Each of these difficulties leads back to the same three questions: What is the reference quantity? What quantity is
being compared to it? What multiplicative relationship connects the two?

Key Idea e When a percentage does not make sense to a student, return to the reference quantity. Ask what
quantity represents 100%, what quantity is being compared to it, and what multiplicative relationship connects
the two.

Begin With a Relationship Students Can Reason About

Contexts matter when they make the quantities and their relationship visible. Discounts, tax, survey data, and percent
change can give students a reason to determine what 100% represents and what quantity it compares to (Freudenthal,
1991; van den Heuvel-Panhuizen, 2003).

The context should do more than make the problem realistic. It should give students something mathematical to reason
from before formalizing the procedure.

Key Idea ¢ A context earns its place when it gives students quantities to reason from: a reference quantity, a
compared quantity, and the relationship between them.

Make the Relationship Visible

A representation earns its place when it makes the percentage relationship visible. Bar models, double number lines,
and ratio tables can show the reference quantity, the compared quantity, and how the relationship is scaled to 100
(Middleton & van den Heuvel-Panhuizen, 1995; van den Heuvel-Panhuizen, 2003; van Galen et al., 2008). In one study,
13- and 14-year-olds solved percentage problems on written tests and in interviews and then took part in one lesson

e DMTI
.0’
1% Math Success mathsuccess.io | dmtinstitute.com Percent Is a Relationship | Page 2


https://mathsuccess.io/

taught with the percentage bar. The authors conclude that the bar deserves a central place in percentage instruction
(van Galen & van Eerde, 2013).

These representations should not become three separate procedures. Students should connect the same relationship
across them. A bar model can make the quantities visible, a double number line can coordinate corresponding
guantities, and a ratio table can record equivalent ratios efficiently. The notation should formalize the relationship
students can already see in the model (Gravemeijer, 1994; van den Heuvel-Panhuizen, 2003).

Key Idea ¢ A model should make the relationship visible.

Reason From Benchmarks

Benchmark percentages give students quantities they can reason from rather than procedures they have to recall. If
10% of a quantity is known, students can compose 20%, 30%, or 50%, or partition 10% to determine 5% or 1%.

Benchmarks such as 1%, 10%, 25%, 50%, and 100% support estimation and derived strategies because students can
compose, decompose, and scale known relationships (Parker & Leinhardt, 1995; van den Heuvel-Panhuizen, 2003). To
determine 35% of 80, a student can reason that 10% of 80is 8, so0 30% is 24 and 5% is 4. Together, 30% and 5% compose
35%, so 35% of 80 is 28.

Key Idea ¢ Benchmarks are quantities to reason from, not facts to recall. Students compose, decompose, and
scale a known percentage to determine an unknown one.

Name the Reference Quantity

The word “whole” can become problematic because the reference quantity is not always a physical whole. In
percentage situations, students need to identify the quantity being treated as 100%.

A study of students in Grades 6 to 9 identified three misconceptions in their solutions to proportional division problems,
and confusion about the whole was the most frequent in every grade (I et al., 2020). The problems were not percentage
problems, so the finding is related evidence, not direct evidence. It is consistent with language that names the amount
and the quantity represented as 100% rather than the part and the whole (van den Heuvel-Panhuizen, 2003).

Rather than asking only, “What is the whole?” ask: What quantity represents 100%? What quantity are we comparing
to it? What relationship connects the two quantities?

Percentages greater than 100% are a documented difficulty (Dole et al., 1997; Parker & Leinhardt, 1995). Once students
understand 100% as the reference quantity rather than the largest possible amount, percentages greater than 100
become less mysterious. A quantity that is 150% of another quantity is 1.5 times the reference quantity.

Key Idea e 100% names the reference quantity, not the largest possible amount. Ask what quantity represents
100% before asking for a calculation.
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Percent Change Depends on the Reference Quantity

A change of 20 has no percentage meaning until you know the reference quantity. Increasing from 40 to 60 and
increasing from 100 to 120 both add 20, but the relative changes differ because the starting quantities differ. The first
is a 50% increase, and the second is a 20% increase.

Percent change requires students to coordinate two quantities: the amount of change and the original quantity used
as the reference. Percent change, especially a decrease, is among the difficulties the research documents (Dole et al.,
1997; Parker & Leinhardt, 1995).

Key Idea e Percent change is relative change. The same absolute change can represent different percentage
changes because the reference quantity is different.

Conclusion: The Relationship the Percent Describes

Percentage understanding develops when students reason about relationships rather than memorize isolated
procedures. They need to identify the reference quantity, understand what 100% represents, compare quantities
multiplicatively, and connect percent to fractions, decimals, and ratios.

Models help by making those relationships visible. Benchmarks help when students use them to compose, decompose,
and scale quantities. Procedures come after students have something mathematical to formalize.

Key Idea ¢ The goal is not simply to calculate a percent. It is to understand the relationship the percent
describes.
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A student knows that 50% means one-half. Then you ask for 150%, and suddenly percent does not make sense.
The problem may not be the calculation. It may be what the student thinks 100% means.

Percent describes a relationship to a reference quantity. Once students understand what quantity represents 100%,
they can reason about percentages below, at, and above 100 using the same structure.

Inside this Insight, we look at how bar models, double number lines, ratio tables, and benchmark percentages can make
that relationship visible.

Read the full Insight at mathsuccess.io/dmtinsights.

Ask your students: What quantity represents 100%? Their answers may tell you more than their calculations do.
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